Abstract. For every orthogonal representation of a twisted form of SL 2 over a field of characteristic zero, we compute the unique quadratic form of determinant 1 that is invariant under the group action. We also prove an isomorphism between two quadratic forms given by binomial coefficients.
Let V be a finite-dimensional vector space on which a semisimple linear algebraic group G (equivalently, a semisimple Lie algebra) acts, all defined over a field k of characteristic zero. There is a well-known rule for determining if V is orthogonal, i.e., if there is a nonzero G-invariant quadratic form on V , see [GW98, §5.1.7] or [Bou05, §VIII.7.5]. If V is orthogonal, one can ask for an explicit description of a G-invariant quadratic form q. This question immediately reduces to the case where V is an irreducible representation of G, in which case q is determined up to a factor in k × .
Most results in the literature focus on the case where V is the Lie algebra of G, i.e., they compute the Killing form of G. The "middle" representation of groups of type A odd is discussed in [GQMT01] , and representations of groups of type G 2 are discussed in [Ser91, 3.2, 3.3] . In this note, we settle the question for all orthogonal representations of a group of type A 1 .
Every semisimple algebraic group of type A 1 over k is isogenous to SL(Q) for some quaternion k-algebra Q, where SL(Q) denotes the group whose k-points are the norm 1 elements of Q. An irreducible representation V of SL(Q) is orthogonal if and only if its dimension is odd, see [Bou05, §VIII.1.3] and [Tit71, 7.2]. If V is orthogonal of dimension n + 1, then over every extension K/k that splits Q (= such that SL(Q) is isomorphic to SL 2 over K), the representation of SL(Q) on V is equivalent to the representation of SL 2 on the n-th symmetric power S n (k 2 ). Said differently, if we write ω for the unique fundamental dominant weight of SL(Q), then V has highest weight nω with n even. Put
The notation n i denotes a one-dimensional vector space spanned by a vector e endowed with a quadratic form that sends λe → n i λ 2 for λ ∈ k × and ⊕ means 'orthogonal sum'. We refer to [Lam05] for general background on quadratic forms. 
Here we have written Q also for the quadratic norm form on Q, and Q ′ for the unique 3-dimensional form such that Q is isomorphic to Q ′ ⊕ 1 . The smallest case of Theorem A is where n = 2, i.e., the adjoint representation of SL(Q). There we find the quadratic form 2 Q ′ , which is the Killing form of SL(Q).
The proof of Th. A gives as a byproduct a result on quadratic forms. Define a form φ even n as in (0.1), except with the word "odd" replaced with "even" throughout. For example, φ even 6 is 1, 15 .
Theorem B.
We have the following isomorphism of quadratic forms over k:
For example, for n = 12, Th. B asserts that the forms 1, 66, 495 and 12, 220, 792 are isomorphic.
One imagines that Theorem B is known, but the experts I consulted said they had never seen it before. For small n, one can check the theorem by hand using the Hasse-Minkowski Principle. The proof of Theorem B given below uses neither Hasse-Minkowski nor clever manipulations of binomial coefficients.
Results in odd characteristic. Theorems A and B hold with no change in case k has odd characteristic p and n + 1 is of the form rp s , where r, s are integers with 1 ≤ r < p. In that case, the binomial coefficients n i are invertible in k for 0 ≤ i ≤ n [Fin47, Th. 4] and the representation S n (k 2 ) of SL 2 is irreducible. On the other hand, if n+ 1 is not of the form rp s , then the SL 2 -invariant bilinear form on S n (k 2 ) is degenerate and the representation S n (k 2 ) is reducible. We do not address this case further.
The split case
We now verify Theorem A in the case where Q is split, i.e., for the representation
We fix a basis e 0 , e 1 , . . . , e n of S n (k 2 ) given by
) are the standard basis vectors of k 2 (and not binomial coefficients). The bilinear form f on S n (k 2 ) given by
, as is the quadratic form q defined by q(x) := f (x, x). We find n/2 hyperbolic planes in q spanned by the vectors e i , e n−i for 0 ≤ i < n/2. We conclude that the determinant of b (equivalently, q) is n n/2 ∈ k × /k ×2 , and so the unique SL 2 -invariant quadratic form on S n (k 2 ) of determinant 1 is an orthogonal sum of n/2 hyperbolic planes and (−1) n/2 . In case n is divisible by 4, this is the claim of Theorem A. For n congruent to 2 mod 4, we note that Q is split, so its norm form is 1, 1, −1, −1 ; again Th. A holds.
Computations
We now address Theorem A in the general case. The representation ρ : SL 2 → GL(S n (k 2 )) kills the center ±1 of SL 2 and so induces a homomorphism ρ : P GL 2 → GL(S n (k 2 )), where P GL 2 denotes the (algebraic-group-theoretic) quotient SL 2 /{±1}. As the form q defined in §1 is SL 2 -invariant, the images of ρ and ρ lie in the orthogonal group O(q) of q, and we obtain a map in Galois cohomology (2.1)
The sets H 1 (k, P GL 2 ) and H 1 (k, O(q)) classify k-forms of SL 2 and quadratic forms of dimension dim q over k, respectively [Ser02, §III.1], and the image of a group
Remark 2.2. The map (2.1) is defined for every extension K/k and so leads to a morphism of functors H 1 ( * , P GL 2 ) → H 1 ( * , O(q)). By [Ser03, 28.4] , such an invariant is necessarily of the form
for uniquely-determined quadratic forms ψ 0 , ψ 1 defined over k with ψ 1 anisotropic. The point of Th. A is to give ψ 0 and ψ 1 explicitly.
The k-algebra Q is generated by elements i, j such that i 2 = a, j 2 = b, and ij = −ji for some a, b ∈ k × . We assume that a is not a square in Q. (Otherwise, Q is split and we are done by §1.) It is isomorphic to the k-subalgebra of M 2 (k( √ a)) generated by
and ( 0 b 1 0 ) , which we may identify with i and j respectively. For ι the nonidentity k-automorphism of k( √ a), Q is obtained from M 2 (k) by twisting by the cocycle η ∈ Z 1 (k( √ a)/k, P GL 2 ) given by η ι = Int ( 0 b 1 0 ) , where we write Int(g) for the map x → gxg −1 on M 2 . (Recall that for an extension K/k, the K-points of P GL 2 are of the form Int(g) for g ∈ GL 2 (K).)
We now compute explicitly the element ρ(η ι ) ∈ O(q)(k( √ a)). First, recall that the map SL 2 → P GL 2 is g → Int(g). It follows that
The last term is obviously a k( √ −b)-point of O(q), but it is even a k-point because ρ is defined over k. Indeed, we find:
Note that the action of ρ(η ι ) preserves the line spanned by e n/2 and the hyperbolic planes spanned by e i , e n−i for i = n/2. We compute separately the restriction of q n to each of these subspaces.
For the line spanned by e n/2 , we have ρ(η ι )e n/2 = (−1) n/2 e n/2 , so the invariant k-subspace of the line is spanned by e n/2 if n/2 is even and by √ ae n/2 if n/2 is odd. Therefore the restriction of q n to this subspace is (−a) n/2 n n/2 .
For the k( √ a)-plane spanned by e i , e n−i with i = n/2, the ρ(η ι )ι-invariant ksubspace is spanned by
These vectors are orthogonal and the restriction of q n to this subspace is
Summarizing the previous two paragraphs, we find that q n is isomorphic to
That is:
If n is divisible by 4, then q n is isomorphic to
If n is congruent to 2 mod 4, then q n is isomorphic to
⊕ −a n n/2 .
Conclusion of proofs
We now consider the generic case of Theorem A, where k = Q(a, b) and a, b are independent indeterminates. The isomorphism class of the form q n computed in (2.3) depends only on the isomorphism class of Q and not on the choice of η. In particular, q n is unchanged when we interchange the roles of a and b. By equating coefficients of a and b , we conclude that Theorem B holds.
Combining Theorem B with (2.3) and the fact that the norm of Q is 1, −a, −b, ab proves Theorem A.
Relative invariants
The quadratic form
(equality in the Witt ring) "measures" the difference between the SL(Q)-invariant quadratic form q n defined in §2 and the SL 2 -invariant form q, equivalently, between the SL(Q)-invariant form given by Theorem A and the corresponding SL 2 -invariant form. We now compute the invariants of q n − q. Clearly, q n − q belongs to I 2 k (= the square of the ideal of even-dimensional forms in the Witt ring), because Q does. hence the Clifford algebra of q n − q is split (and q n − q is in I 3 k) if n is congruent to 0 or 6 mod 8, and the Clifford algebra is Brauer-equivalent to Q otherwise.
Recall that the Arason invariant e 3 maps I 3 k/I 4 k → H 3 (k, Z/2Z); we now compute its value on q n − q for n ≡ 0, 6 (mod 8). Write δ for the (signed) discriminant of φ even n , i.e., for (−1)
is in I 2 k, so q n − q is congruent to 1, −δ · Q modulo I 4 k. We find:
The determinant of φ even n is given by the following:
Proof. Suppose that 8 divides n. By Theorem B, the determinant of φ
The product has an even number of terms, so writing out n i as n!/i!(n − i)!, we may ignore the numerators. Since additionally n/2 is even, we find:
Writing out the factorials, we see that 2 · 3 appears an odd number of times, 4 · 5 an even number of times, 6 · 7 an odd number of times, etc., up through (n − 2) · (n − 1) appearing once. We conclude that
Grouping terms by their congruence class mod 4, we find:
As n is divisible by 8, the power of 2 appearing in the first term is even, so we may replace 4i − 2 with 2i − 1. We divide the first product into odd and even values of i and the second product into low and high values of i: Discarding the "4i − 1" terms, we obtain the claimed formula. The case where n is congruent to 6 mod 8 is similar, and we omit it.
For the convenience of the reader, we list the determinant of φ 
